
Ìåòîäè÷åñêèå óêàçàíèÿ ê ðåøåíèþ çàäà÷ â åâêëèäîâûõïðîñòðàíñòâàõ.Âåñåëîâ Ñ.È.,Èëüè÷åâ À.Ï., ×èðêîâ À.Þ.Íèæåãîðîäñêèé �îñóäàðñòâåííûé Óíèâåðñèòåò.Ëèíåéíîå ïðîñòðàíñòâî V íàä ïîëåì P íàçûâàåòñÿ åâêëèäîâûì, åñëè îïðåäåëåíî ïðàâèëî, ïî êîòî-ðîìó âñÿêîé ïàðå âåêòîðîâ x, y ∈ V ñòàâèòñÿ â ñîîòâåòñòâèå ÷èñëî (x, y) ∈ P , íàçûâàåìîå ñêàëÿðíûìïðîèçâåäåíèåì. Ïðè ýòîì äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå óñëîâèÿ.1. (x, y) = (y, x),2. (λx, y) = λ(x, y),3. (x + y, z) = (x, z) + (y, z),4. (x, x) ≥ 0, (x, x) = 0 → x = θ.1. Åñëè xa = (x1, ..., xn)T , ya = (y1, ..., yn)T - íàáîðû êîîðäèíàò âåêòîðîâ x, y â çàäàííîì áàçèñå
{a1, ...., an}, òî

(x, y) =
∑

i,j

xiyj(ai, aj).Ýòî ðàâåíñòâî ìîæíî ïðåäñòàâèòü â ìàòðè÷íîé �îðìå (x, y) = xT
a�aya, ãäå�a =
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- ìàòðèöà �ðàìà.2. Íîðìîé èëè äëèíîé âåêòîðà x íàçûâàåòñÿ ÷èñëî |x| =
√

(x, x).3. Ñèñòåìà a1, ...., ak íåíóëåâûõ âåêòîðîâ íàçûâàåòñÿ îðòîãîíàëüíîé , åñëè (ai, aj) = 0 ïðè i 6=

j. Îðòîãîíàëüíàÿ ñèñòåìà, ñîñòîÿùàÿ èç âåêòîðîâ åäèíè÷íîé äëèíû, íàçûâàåòñÿ îðòîíîðìèðîâàííîé.Cêàëÿðíîå ïðîèçâåäåíèå â îðòîíîðìèðîâàííîì áàçèñå çàïèñûâàåòñÿ íàèáîëåå ïðîñòî:
(x, y) = x1y1 + .... + xnyn.Äëÿ íàõîæäåíèÿ îðòîãîíàëüíîãî áàçèñà h1, ...., hm çàäàííîãî ïîäïðîñòðàíñòâàL(a1, ..., ak) ïðèìåíÿåòñÿïðîöåññ îðòîãîíàëèçàöèè, êîòîðûé ïðåäñòàâëåí äàëåå â äâóõ �îðìàõ.4. Ïåðâàÿ �îðìà ïðîöåññà îðòîãîíàëèçàöèè. Ïðèìåì åñòåñòâåííîå äîïóùåíèå î òîì, ÷òî a1 6= 0 èïîëîæèì h1 = a1, r = 2. Ïðåäïîëîæèì, ÷òî óæå íàéäåíû âåêòîðû h1, .., hs (s ≥ 1). Î÷åðåäíîé âåêòîðèùåì â âèäå
hs+1 = λ1h1 + ...λshs + ar,1

           http://vmk.ucoz.net/
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(hi, hs+1) = 0, (i = 1, .., s),ò.å., ïîëàãàÿ

λi = −(ar, hi)/(hi, hi), (i = 1, .., s).Åñëè îêàçàëîñü, ÷òî hs+1 = 0, è r < k, òî óâåëè÷èâàåì r íà 1 è âíîâü ïûòàåìñÿ íàéòè íåíóëåâîé hs+1.Åñëè hs+1 6= 0, ïðèñòóïàåì ê íàõîæäåíèþ hs+2 è ò.ä.. Âû÷èñëåíèÿ çàêàí÷èâàþòñÿ êàê òîëüêî r > k.5. Âòîðàÿ �îðìà ïðîöåññà îðòîãîíàëèçàöèè. Cîãëàñîâàííûìè ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìèñòðîê è ñòîëáöîâ (ò.å. âñÿêîå ïðåîáðàçîâàíèå ñòðîê äîëæíî ñîïðîâîæäàòüñÿ òî÷íî òàêèì æå ïðåîáðà-çîâàíèåì ñòîëáöîâ è íàîáîðîò) ïðèâåäåì ìàòðèöó �ðàìà ñèñòåìû a1, ..., as ê äèàãîíàëüíîé ìàòðèöå D èîäíîâðåìåííî íàéäåì ìàòðèöó T òàêóþ, ÷òî D = T T �a T . Îðòîãîíàëüíûé áàçèñ ñîñòàâëÿþò íåíóëåâûåñòîëáöû ìàòðèöû (a1, ..., as)T .6. Äëÿ ïðîèçâîëüíîé ëèíåéíî íåçàâèñèìîé ñèñòåìû âåêòîðîâ
a1, ..., an ∈ P n ìîæíî îïðåäåëèòü ñêàëÿðíîå ïðîèçâåäåíèå òàê, ÷òîáû ýòè âåêòîðû ñîñòàâëÿëè îðòî-íîðìèðîâàííûé áàçèñ. Ìàòðèöà �ðàìà �a äîëæíà óäîâëåòâîðÿòü ðàâåíñòâàì aT

i �aaj =







1 i = j

0 i 6= j
,êîòîðûå ìîæíî çàïèñàòü â ìàòðè÷íîé �îðìå AT�aA = E , ãäå A - ìàòðèöà, ïî ñòîëáöàì êîòîðîéðàñïîëîæåíû âåêòîðû a1...an . . Ñëåäîâàòåëüíî, �a = (AAT )−1.7. Åñëè X,Y - ìíîæåñòâà â åâêëèäîâîì ïðîñòðàíñòâå, òî âûðàæåíèå X ⊥ Y îçíà÷àeò, ÷òî (x, y) =

0 ∀x ∈ X, ∀y ∈ Y. Ìíîæåñòâà X,Y íàçûâàþòñÿ îðòîãîíàëüíûìè. Åñëè X ñîñòîèò èç åäèíñòâåííîãîâåêòîðà x, òî èñïîëüçóåòñÿ çàïèñü x ⊥ Y . Åñëè W - ïîäïðîñòðàíñòâî ïðîñòðàíñòâà V, òî äëÿ ëþáîãî
x ∈ V óùåñòâóåò åäèíñòâåííîå ïðåäñòàâëåíèå âèäà x = xprW + xortW , ãäå xprW ∈ W,xortW ⊥ W .
xprW íàçûâàåòñÿ ïðîåêöèåé, à xortW - îðòîãîíàëüíîé ñîñòàâëÿþùåé âåêòîðà x.8.Ïóñòü M ìíîæåñòâî ðåøåíèé ñèñòåìû óðàâíåíèé Ax = b. Åñëè M íå ïóñòî, òî â M óùåñòâóåòåäèíñòâåííûé âåêòîð, èìåþùèé íàèìåíüøóþ äëèíó. Îí íàçûâàåòñÿ íîðìàëüíûì ðåøåíèåì. Äëÿ íàõî-æäåíèÿ íîðìàëüíîãî ðåøåíèÿ äîñòàòî÷íî íàéòè ëþáîå ðåøåíèå p ñèñòåìû AAT x = b , òîãäà AT p -íîðìàëüíîå ðåøåíèå.9. Ïóñòü ñòðîêè ìàòðèöû A(mxn) ëèíåéíî íåçàâèñèìû. Îáîçíà÷èì ui íîðìàëüíîå ðåøåíèå ñèñòå-ìû Ax = ei ïðè i = 1, ..,m. Ìàòðèöà A+ = (u1...um) íàçûâàåòñÿ ïñåâäîîáðàòíîé äëÿ A è èãðàåòðîëü îáðàòíîé ìàòðèöû ïðè ðåøåíèè ñèñòåì ñ ïðÿìîóãîëüíîé ìàòðèöåé êîý��èöèåíòîâ, à èìåííî: íîð-ìàëüíîå ðåøåíèå ñèñòåìû Ax = b ìîæåò áûòü íàéäåíî ïî �îðìóëå u = A+b. 10. Êîý��èöèåíòûñèñòåì ëèíåéíûõ óðàâíåíèé, âîçíèêàþùèõ â ïðàêòè÷åñêèõ ïðèëîæåíèÿõ ÿâëÿþòñÿ ðåçóëüòàòàìè èçìå-ðåíèé, êîòîðûå íå âñåãäà ìîæíî âûïîëíèòü òî÷íî, ïîýòîìó ñèñòåìà ìîæåò îêàçàòüñÿ íåñîâìåñòíîé. Âýòîì ñëó÷àå íàõîäÿò ïñåâäîðåøåíèå - òàêîé íàáîð x′ íåèçâåñòíûõ , äëÿ êîòîðîãî âûïîëíÿåòñÿ ðàâåí-ñòâî |Ax′ − b| = min

x
|Ax − b|. Çàìåòèì, ÷òî åñëè ñèñòåìà ñîâìåñòíà, òî êàæäîå åå ðåøåíèå ÿâëÿåòñÿïñåâäîðåøåíèåì è íàîáîðîò. Ïîèñê ïñåâäîðåøåíèé îñíîâàí íà ñëåäóþùèõ ïðåäëîæåíèÿõ.1 . Ïóñòü L - ëèíåéíàÿ îáîëî÷êà ñòîëáöîâ ìàòðèöû A, ðåøåíèå ñèñòåìû Ax = bprL ÿâëÿåòñÿ ïñåâäî-ðåøåíèåì ñèñòåìû Ax = b.2. Ñèñòåìû óðàâíåíèé

Ax = bprL è AT Ax = AT b2



Âåñåëîâ Ñ.È.,Èëüè÷åâ À.Ï.,×èðêîâ À.Þ.èìåþò îäèíàêîâûå ìíîæåñòâà ðåøåíèé.11. Íîðìàëüíîå ðåøåíèå ñèñòåìû AT Ax = AT b íàçûâàåòñÿ íîðìàëüíûì ïñåâäîðåøåíèåì íåñîâ-ìåñòíîé ñèñòåìû Ax = b.Ïðèìåð 1. Íàéòè îðòîãîíàëüíûé áàçèñ ïîäïðîñòðàíñòâà, ïîðîæäåííîãî âåêòîðàìè
a1 = (2, 1, 1, 1), a2 =(2, 2, 0, 1), a3 =(4, 3, 1, 0), a4 =(3, 1, 1,−1).�åøåíèå. 1. Ïîëàãàåì h1 = a1.2. Èùåì λ òàêîå, ÷òîáû âåêòîð h2 = λh1 + a2 áûë îðòîãîíàëåí âåêòîðó h1.

0 = (h2, h1) = λ(h1, h1) + (h1, a2) = 7λ + 7. Îòñþäà λ = −1 è h2 = −h1 + a2 = (0,−1, 1, 0)T .3. Èùåì λ1, λ2 òàêèå, ÷òîáû âåêòîð h3 = λ1h1 + λ2h2 + a3 áûë îðòîãîíàëåí âåêòîðàì h1 è h2.
0 = (h3, h1) = λ1(h1, h1) + (h1, a3) = 7λ1 + 14, λ1 = −2.

0 = (h3, h2) = λ2(h2, h2) + (h2, a3) = 2λ2 + 2, λ2 = −1.

h3 = −2h1 − h2 + a3 = (0, 0, 0, 0)T .Íóëåâîé âåêòîð, ðàçóìååòñÿ, íå ìîæåò áûòü áàçèñíûì. Ýòà ñèòóàöèÿ âîçíèêëà ïîòîìó, ÷òî âåêòîð a3ëèíåéíî âûðàæàåòñÿ ÷åðåç a1, a2. Ñëåäóåò ïîâòîðèòü ïîïûòêó íàõîæäåíèÿ âåêòîðà h3.4. Èùåì λ1, λ2 òàêèå, ÷òîáû âåêòîð h3 = λ1h1 + λ2h2 + a4 áûë îðòîãîíàëåí âåêòîðàì h1 è h2.
0 = (h3, h1) = λ1(h1, h1) + (h1, a4) = 7λ1 + 7, λ1 = −1.

0 = (h3, h2) = λ2(h2, h2) + (h2, a4) = 2λ2, λ2 = 0.

h3 = −h1 + a4 = (1, 0, 0,−2)T .Ïðèìåð 2. Íàéòè ïñåâäîðåøåíèå ñèñòåìû


























2x1 + 3x2 = 0

11x1 + 17x2 = 0

11x1 + 17x2 = 4

13x1 + 20x2 = 3

.�åøåíèå. ×òîáû èçáåæàòü âû÷èñëåíèé ñ áîëüøèìè ÷èñëàìè, íàéäåì ïîäõîäÿùóþ çàìåíó íåèç-âåñòíûõ ñ òåì, ÷òîáû ïîëó÷èòü ñèñòåìó óðàâíåíèé ñ íåáîëüøèìè êîý��èöèåíòàìè. Äëÿ ýòîãî âûïîëíèìíåñêîëüêî ýëåìåíòàðíûõ ñòîëáöîâ ìàòðèöû êîý��èöèåíòîâ:
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 ,âîäèì èñõîäíóþ çàäà÷ó ê çàäà÷å íàõîæäåíèÿ ïñåâäîðåøåíèÿ ñèñòåìû
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.Äîìíîæàåì îáå ÷àñòè ýòîãî ìàòðè÷íîãî ðàâåíñòâà íà òðàíñïîíèðîâàííóþ ìàòðèöó êîý��èöèåíòîâ ïðèíåèçâåñòíûõ. Ïîëó÷åííàÿ â ðåçóëüòàòå ñèñòåìà
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èìååò ðåøåíèå y1 = y2 = 1. Âû÷èñëÿåì ïñåâäîðåøåíèå èñõîäíîé ñèñòåìû
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 .Ïðèìåð 3. Íàéòè íîðìàëüíîå ïñåâäîðåøåíèå ñèñòåìû


























x1 + x2 + x3 = 1

x1 + x2 + x3 = 2

x1 + x2 + x3 = 3

x1 + x2 + 2x3 = 4

.

�åøåíèå. Êîý��èöèåíòû ïðè íåèçâåñòíûõ ñîáèðàåì â ìàòðèöó A, à èç ïðàâûõ ÷àñòåé ñîñòàâëÿåìâåêòîð b:
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.Âû÷èñëÿåì
AT A =
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.Òåïåðü íàäî íàéòè íîðìàëüíîå ðåøåíèå ñèñòåìû AT Ax = AT b. Òàê êàê ïåðâûå äâà óðàâíåíèÿ ñîâ-ïàäàþò, òî îäíî èç íèõ ìîæíî âû÷åðêíóòü. Ïîëó÷àåòñÿ ñèñòåìà
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 .Äåëàåì çàìåíó íåèçâåñòíûõ
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 , y1 = 2, y2 = 0.Íàêîíåö, íàõîäèì íîðìàëüíîå ïñåâäîðåøåíèå
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.Â ïðèìåðàõ 1 − 35 íàäî íàéòè:a) ïñåâäîðåøåíèå ñèñòåìû ax1 + bx2 = c;b) ïñåâäîîáðàòíóþ äëÿ ìàòðèöû AT = (a, b);) ïðîåêöèþ âåêòîðà a + c íà L(a, b);d) îðòîãîíàëüíóþ ñîñòàâëÿþùóþ âåêòîðà b + c îòíîñèòåëüíî
L(a, b).1. aT =(2,−9, 24, 2), bT =(3,−14, 37, 3), cT =(−1, 1, 6, 0).2. aT =(15, 2, 11,−9), bT =(8, 1, 6,−5), cT =(0, 10, 0, 1).3. aT =(5, 13, 5, 8), bT =(3, 10, 3, 7), cT =(1, 3, 0, 0).4. aT =(2, 13, 24, 11), bT =(3, 20, 37, 17), cT =(2, 2, 2, 3).5. aT =(14, 5, 5, 19), bT =(11, 4, 4, 15), cT =(11, 4, 7, 19).6. aT =(3, 2, 5, 3), bT =(11, 7, 19, 11), cT =(10, 8, 25, 11).7. aT =(7, 3, 1, 2), bT =(26, 11, 4, 7), cT =(7, 13, 1, 3).8. aT =(4, 19, 14, 5), bT =(1, 15, 11, 4), cT =(2, 18, 11, 4).9. aT =(3, 4, 5, 1), bT =(11, 15, 19, 4), cT =(13, 17, 21, 7).10. aT =(9, 11, 11, 20), bT =(4, 5, 5, 9), cT =(4, 5, 8, 13).11. aT =(5,−1, 17, 5), bT =(4,−1, 14, 4), cT =(−1, 1, 6, 0).12. aT =(16, 5, 6,−1), bT =(13, 4, 5,−1), cT =(0, 10, 0, 1).13. aT =(5, 11, 5, 6), bT =(4, 9, 4, 5), cT =(6, 14, 5, 6).14. aT =(5, 11, 17, 6), bT =(4, 9, 14, 5), cT =(2, 2, 2, 3).15. aT =(2, 11, 11, 13), bT =(−2,−16,−16,−19), cT =(0, 0, 3, 4).16. aT =(5,−23, 61, 5), bT =(3,−14, 37, 3), cT =(2,−13, 43, 3).17. aT =(15, 2, 11,−9), bT =(23, 3, 17,−14), cT =(15, 12, 11,−8).18. aT =(5, 13, 5, 8), bT =(8, 23, 8, 15), cT =(−7,−20,−8,−15).19. aT =(−1,−7,−13,−6), bT =(3, 20, 37, 17), cT =(4, 15, 26, 14).20. aT =(14, 5, 5, 19), bT =(−11,−4,−4,−15), cT =(−3,−1, 2, 0).21. aT =(−8,−5,−14,−8), bT =(11, 7, 19, 11), cT =(2, 3, 11, 3).5



Âåñåëîâ Ñ.È.,Èëüè÷åâ À.Ï.,×èðêîâ À.Þ. Çàäà÷è â åâêëèäîâûõ ïðîñòðàíñòâàõ.22. aT =(7, 3, 1, 2), bT =(19, 8, 3, 5), cT =(7, 13, 1, 3).23. aT =(4, 19, 14, 5), bT =(5, 34, 25, 9), cT =(2, 18, 11, 4).24. aT =(14, 19, 24, 5), bT =(11, 15, 19, 4), cT =(13, 17, 21, 7).25. aT =(9, 11, 11, 20), bT =(13, 16, 16, 29), cT =(−5,−6,−6,−7).26. aT =(14,−3, 48, 14), bT =(9,−2, 31, 9), cT =(8,−1, 37, 9).27. aT =(16, 5, 6,−1), bT =(29, 9, 11,−2), cT =(16, 15, 6, 0).28. aT =(13, 29, 13, 16), bT =(4, 9, 4, 5), cT =(6, 14, 5, 6).29. aT =(5, 11, 17, 6), bT =(9, 20, 31, 11), cT =(7, 13, 19, 9).30. aT =(22, 9, 22, 9), bT =(−10, 3,−10, 3), cT =(16, 3, 6, 6).31. aT =(36, 25, 36, 25), bT =(−22,−11,−22,−11), cT =(29, 18, 7, 7).32. aT =(19, 20, 19, 20), bT =(−3,−4,−3,−4), cT =(11, 12, 8, 8).33. aT =(33, 17, 33, 17), bT =(−15, 1,−15, 1), cT =(24, 8, 9, 9).34. aT =(17, 16, 17, 16), bT =(−3,−4,−3,−4), cT =(6, 6, 10, 10).35. aT =(30, 17, 30, 17), bT =(−8, 5,−8, 5), cT =(19, 6, 11, 11).Â ïðèìåðàõ 36 − 62 íàéòè îðòîãîíàëüíûé áàçèñ ïîäïðîñòðàíñòâà, ïîðîæäåííîãî ïåðå÷èñëåííûìèâåêòîðàìè.36. a1 = (1, 1, 0, 0)T , a2 = (2, 2, 1, 1)T , a3 = (2, 0, 3, 1)T .37. a1 = (1, 0, 1, 0)T , a2 = (1, 1, 3, 1)T , a3 = (−1, 1, 3, 3)T .38. a1 = (1, 1, 1, 1)T , a2 = (3, 4, 2,−1)T , a3 = (1, 6, 2,−5)T .39. a1 = (1, 0, 0, 1)T , a2 = (0, 1,−1, 4)T , a3 = (−3, 3,−1, 5)T .40. a1 = (1, 1, 1, 0)T , a2 = (4, 0, 2, 1)T , a3 = (6,−4, 1,−2)T .41. a1 = (1, 1, 0, 0)T , a2 = (1, 1, 1, 1)T , a3 = (3, 1, 2, 0)T .42. a1 = (1,−1, 1, 2)T , a2 = (3,−1, 4, 3)T , a3 = (3, 6, 4, 3)T .43. a1 = (1, 0, 1, 0)T , a2 = (0, 1, 2, 1)T , a3 = (1, 0, 3, 2)T .44. a1 = (1, 1, 1, 1)T , a2 = (2, 3, 1,−2)T , a3 = (1, 5, 3,−1)T .45. a1 = (1, 0, 0, 1)T , a2 = (−1, 1,−1, 3)T , a3 = (0, 2, 0, 4)T .46. a1 = (1, 1, 1, 0)T , a2 = (3,−1, 1, 1)T , a3 = (5,−1, 2,−3)T .47. a1 = (1,−1, 1, 2)T , a2 = (2, 0, 3, 1)T , a3 = (3, 4, 3, 6)T .48. a1 = (1,−1, 1, 1)T , a2 = (3,−1, 2, 2)T , a3 = (3, 1, 2, 0)T ,
a4 = (9,−1, 6, 4)T .49. a1 = (1, 1,−1, 1)T , a2 = (3, 3, 0, 2)T , a3 = (4, 2, 3, 1)T ,
a4 = (0,−1, 2,−1)T .50. a1 = (1, 1, 1,−1)T , a2 = (2, 1, 3,−2)T , a3 = (5, 3, 7,−5)T ,
a4 = (2, 1, 3, 0)T .51. a1 = (2, 1, 1,−1)T , a2 = (4, 4, 1, 1)T , a3 = (0, 1, 0, 1)T ,
a4 = (2, 5, 0,−2)T .52. a1 = (1, 1, 0, 0)T , a2 = (3, 3, 1, 1)T , a3 = (3, 1, 2, 0)T ,
a4 = (1, 3,−1, 1)T .53. a1 = (1, 1, 1, 1)T , a2 = (4, 5, 3, 0)T , a3 = (1, 5, 3,−1)T ,
a4 = (3, 0, 0, 1)T .54. a1 = (1, 0, 1, 0)T , a2 = (2, 1, 4, 1)T , a3 = (3, 1, 5, 1)T ,
a4 = (1, 0, 3, 2)T .55. a1 = (1, 0, 0, 1)T , a2 = (1, 1,−1, 5)T , a3 = (0, 2, 0, 4)T ,
a4 = (3, 1,−1, 7)T .56. a1 = (1, 1, 1, 0)T , a2 = (5, 1, 3, 1)T , a3 = (5,−1, 2,−3)T ,
a4 = (0, 2, 1, 4)T .57. a1 = (1,−1, 1, 2)T , a2 = (4,−2, 5, 5)T , a3 = (3, 4, 3, 6)T ,
a4 = (2, 5, 2, 4)T . 6



Âåñåëîâ Ñ.È.,Èëüè÷åâ À.Ï.,×èðêîâ À.Þ.58. a1 = (1,−1, 1, 1)T , a2 = (4,−2, 3, 3)T , a3 = (3,−1, 2, 0)T ,
a4 = (4,−2, 3, 1)T .59. a1 = (1, 1,−1, 1)T , a2 = (4, 4,−1, 3)T , a3 = (4, 2, 0, 2)T ,
a4 = (1,−1,−2, 2)T .60. a1 = (1, 1, 1,−1)T , a2 = (3, 2, 4,−3)T , a3 = (1, 0, 2,−1)T ,
a4 = (3, 1, 3,−1)T .61. a1 = (2, 1, 1, 1)T , a2 = (6, 5, 2, 2)T , a3 = (4, 4, 2, 0)T ,
a4 = (4, 2, 1, 3)T .62. a1 = (2, 1, 1, 2)T , a2 = (2, 0, 2, 2)T , a3 = (3, 1, 1, 1)T ,
a4 = (1, 0, 2, 3)T .Â ïðèìåðàõ 63 − 91 îïðåäåëèòü ñêàëÿðíîå ïðîèçâåäåíèå òàê, ÷òîáû âåêòîðû a1, a2, a3 ñîñòàâëÿëèîðòîíîðìèðîâàííóþ ñèñòåìó63. a1 = (1, 0, 0)T , a2 = (1, 1, 0)T , a3 = (1, 1, 1)T .64. a1 = (2, 1, 0)T , a2 = (1, 1, 0)T , a3 = (1, 1, 1)T .65. a1 = (2, 1, 1)T , a2 = (3, 2, 1)T , a3 = (1, 1, 1)T .66. a1 = (2, 1, 1)T , a2 = (2, 1, 0)T , a3 = (1, 1, 1)T .67. a1 = (2, 1, 3)T , a2 = (2, 1, 2)T , a3 = (1, 1, 2)T .68. a1 = (1, 0, 1)T , a2 = (2, 1, 2)T , a3 = (1, 1, 2)T .69. a1 = (1, 1, 1)T , a2 = (2, 3, 2)T , a3 = (1, 2, 2)T .70. a1 = (1, 1, 1)T , a2 = (−1, 0,−1)T , a3 = (1, 2, 2)T .71. a1 = (1, 2, 1)T , a2 = (−1,−1,−1)T , a3 = (1, 4, 2)T .72. a1 = (3, 2, 1)T , a2 = (−2,−1,−1)T , a3 = (5, 4, 2)T .73. a1 = (3, 2, 1)T , a2 = (−2,−1,−1)T , a3 = (3, 3, 1)T .74. a1 = (0,−1, 0)T , a2 = (2, 1, 1)T , a3 = (3, 3, 1)T .75. a1 = (2, 0, 1)T , a2 = (2, 1, 1)T , a3 = (1, 2, 0)T .76. a1 = (2, 0, 1)T , a2 = (2, 1, 2)T , a3 = (1, 2, 2)T .77. a1 = (1,−2,−1)T , a2 = (2, 1, 2)T , a3 = (1, 2, 2)T .78. a1 = (3, 4, 5)T , a2 = (1,−1, 0)T , a3 = (2, 1, 2)T .79. a1 = (3, 4, 5)T , a2 = (4, 3, 5)T , a3 = (1, 2, 2)T .80. a1 = (3, 4, 5)T , a2 = (3, 1, 3)T , a3 = (−2, 1,−1)T .81. a1 = (1, 5, 4)T , a2 = (3, 1, 3)T , a3 = (−2, 1,−1)T .82. a1 = (0, 3, 2)T , a2 = (1, 2, 2)T , a3 = (−2, 1,−1)T .83. a1 = (2, 3, 2)T , a2 = (3, 2, 2)T , a3 = (−3, 1,−1)T .84. a1 = (−1, 4, 1)T , a2 = (3, 2, 2)T , a3 = (−3, 1,−1)T .85. a1 = (−1, 4, 1)T , a2 = (2, 6, 3)T , a3 = (−3, 1,−1)T .86. a1 = (0, 4, 1)T , a2 = (5, 6, 3)T , a3 = (−4, 1,−1)T .87. a1 = (0, 4, 1)T , a2 = (5,−2, 1)T , a3 = (−4, 1,−1)T .88. a1 = (−4, 5, 0)T , a2 = (6,−2, 1)T , a3 = (−5, 1,−1)T .89. a1 = (1, 4, 1)T , a2 = (6,−2, 1)T , a3 = (−5, 1,−1)T .90. a1 = (1, 4, 5)T , a2 = (6,−2,−1)T , a3 = (−5, 1, 0)T .91. a1 = (1, 4, 5)T , a2 = (6,−2,−1)T , a3 = (1,−1,−1)T .Â ïðèìåðàõ 92-120 íàéòè ðàññòîÿíèå ìåæäó ëèíåéíûìè ìíîãîîáðàçèÿìè.92. (1,−1, 0, 1)T +t(7, 8,−19,−8)T è (−7, 13,−33,−7)T +t(−19, 1, 8, 10)T .93. (1,−1, 0, 1)T +t(6, 7,−16,−7)T è (−6, 11,−28,−7)T +t(−16, 1, 7, 8)T .94. (1,−1, 0, 1)T +t(5, 6,−13,−6)T è (−5, 9,−23,−7)T +t(−13, 1, 6, 6)T .95. (1,−1, 0, 1)T +t(4, 5,−10,−5)T è (−4, 7,−18,−7)T +t(−10, 1, 5, 4)T .96. (1,−1, 0, 1)T +t(3, 4,−7,−4)T è (−3, 5,−13,−7)T +t(−7, 1, 4, 2)T .97. (1,−1, 0, 1)T +t(2, 3,−4,−3)T è (−2, 3,−8,−7)T +t(−4, 1, 3, 0)T .98. (1,−1, 0, 1)T +t(1, 2,−1,−2)T è (−1, 1,−3,−7)T +t(−1, 1, 2,−2)T .7



Âåñåëîâ Ñ.È.,Èëüè÷åâ À.Ï.,×èðêîâ À.Þ. Çàäà÷è â åâêëèäîâûõ ïðîñòðàíñòâàõ.99. (1,−1, 0, 1)T +t(0, 1, 2,−1)T è (0,−1, 2,−7)T +t(2, 1, 1,−4)T .100. (1,−1, 0, 1)T +t(−1, 0, 5, 0)T è (1,−3, 7,−7)T +t(5, 1, 0,−6)T .101. (1,−1, 0, 1)T +t(−2,−1, 8, 1)T è (2,−5, 12,−7)T +t(8, 1,−1,−8)T .102. (1,−1, 0, 1)T +t(−3,−2, 11, 2)T è (3,−7, 17,−7)T +t(11, 1,−2,−10)T .103. (1,−1, 0, 1)T +t(−4,−3, 14, 3)T è (4,−9, 22,−7)T +t(14, 1,−3,−12)T .104. (1,−1, 0, 1)T +t(7, 8,−19,−8)T è (−6, 14,−32,−6)T +t(−19, 1, 8, 10)T .105. (1,−1, 0, 1)T +t(6, 7,−16,−7)T è (−5, 12,−27,−6)T +t(−16, 1, 7, 8)T .106. (1,−1, 0, 1)T +t(5, 6,−13,−6)T è (−4, 10,−22,−6)T +t(−13, 1, 6, 6)T .107. (1,−1, 0, 1)T +t(4, 5,−10,−5)T è (−3, 8,−17,−6)T +t(−10, 1, 5, 4)T .108. (1,−1, 0, 1)T +t(3, 4,−7,−4)T è (−2, 6,−12,−6)T +t(−7, 1, 4, 2)T .109. (1,−1, 0, 1)T +t(2, 3,−4,−3)T è (−1, 4,−7,−6)T +t(−4, 1, 3, 0)T .110. (1,−1, 0, 1)T +t(1, 2,−1,−2)T è (0, 2,−2,−6)T +t(−1, 1, 2,−2)T .111. (1,−1, 0, 1)T +t(0, 1, 2,−1)T è (1, 0, 3,−6)T +t(2, 1, 1,−4)T .112. (1,−1, 0, 1)T +t(−1, 0, 5, 0)T è (2,−2, 8,−6)T +t(5, 1, 0,−6)T .113. (1,−1, 0, 1)T +t(−2,−1, 8, 1)T è (3,−4, 13,−6)T +t(8, 1,−1,−8)T .114. (1,−1, 0, 1)T +t(−3,−2, 11, 2)T è (4,−6, 18,−6)T +t(11, 1,−2,−10)T .115. (1,−1, 0, 1)T +t(−4,−3, 14, 3)T è (5,−8, 23,−6)T +t(14, 1,−3,−12)T .116. (1,−1, 0, 1)T +t(7, 8,−19,−8)T è (−5, 15,−31,−5)T +t(−19, 1, 8, 10)T .117. (1,−1, 0, 1)T +t(6, 7,−16,−7)T è (−4, 13,−26,−5)T +t(−16, 1, 7, 8)T .118. (1,−1, 0, 1)T +t(5, 6,−13,−6)T è (−3, 11,−21,−5)T +t(−13, 1, 6, 6)T .119. (1,−1, 0, 1)T +t(4, 5,−10,−5)T è (−2, 9,−16,−5)T +t(−10, 1, 5, 4)T .120. (1,−1, 0, 1)T +t(3, 4,−7,−4)T è (−1, 7,−11,−5)T +t(−7, 1, 4, 2)T .
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